1. Introduction* In this paper we are concerned with the existence of minimal surfaces with respect to the J?-area (see §4) and related problems in a bounded domain D in the space C 2 of two complex variables z lf z 2 .
Let K D (z, z) , z = (z lf , z n ), be the Bergman kernel function of a bounded domain D in the space C n of n complex variables. Throughout this paper, we assume K D {z, z) has the boundary value infinity at every point on the boundary of D. The kernel K D (z, z) enables us to define the Bergman metric (1.1) dsl{z) = Σ T^z f z)dz4z VJ T& = d^°lKl) , i OZβZ which is invariant with respect to pseudo-conformal mappings [4, pp. 51-53] . Using (1.1) we construct (see §2) the complete Bergman metric space {D, d) over D and state a theorem for complete Riemannian spaces that for any two points in D, there exists a minimal curve with respect to d which connects the two points. In § 3 we show that, if D is a plane domain bounded by finitely many boundary components b lf b 2 , •••, b n , then there exists a minimal closed curve with respect to d among those curves which are homotopic to a fixed inner boundary component, say b lf in Dφ^ (see §3 for notation). If D is doubly connected, there exists a unique minimal closed curve in D. Furthermore, we prove a distortion theorem which gives bounds for the Bergman lengths of the minimal closed curves.
Analogous results are obtained in the case of two complex variables replacing the length by the J5-area.
For a closed Jordan curve Γ in a complete metric space (D, d), we ask whether there exists a minimal surface with respect to the jB-area which spans Γ. Answers to this question which constitute the main result of this paper are given in §4.
As a generalization of § 3, we consider a domain D which is topologically equivalent to a product domain of the form Ό x x D if where D k is a bounded domain as considered in § 3. When does there exist a minimal closed surface with respect to the i?-area among those surfaces which are homotopic to T x in D( T λ ) (see § 5 for notation)?
Answers are given in § 5. Distortion theorems for the minimal surfaces are given in § 6.
2 The Bergman metric space. A (continuous) curve c in D is said to be regular if it admits a regular (parametric) representation, i.e., there exists a continuously differentiable representation
and dGJdt never vanish simultaneously at any t e I. A curve c in ΰ is said to be pίecewise regular if it admits a piecewise regular representation, i.e., there exists a partition A:
, m. For a piecewise regular curve c given by (2.1), we define 
, m, of 7, we define This is a result of S. Kobayashi (see [11] for details). For domains D in the space C n , n ^ 2, Bergman has shown that the distance from a point in D to the boundary becomes infinite under certain hypothesis on the boundary of D [1] minimal curves are analytic (see [10] or [15, §17] 
It is assumed that {D, d) is complete. Then all the previous considerations, lemmas and theorems can be carried over to this case.
We fix 
and {^f D {c k )} has an upper bound δ which is finite. We choose an
then for every pair of positive integers p and q, we have
Hence, we can select a subsequence {G ki } of {G k } which converges uniformly to a continuous function G° on I o . Let K be the closed curve whose representation is given by G Q \I 0 . Since c k% -> K, and by the lower semi-continuity of we obtain jSf D (K) = 7. The analyticity of K is obvious. 
we obtain two closed curves c lf c 2 consisting of the subarcs of c and c 0 and such that c x Π P 2 = <£, c 2 Π Pi = Φ-By the previous arguments, Let
, be exterior and interior domains of comparison for D, respectively, i.e., A 1 
where K(A λ ), K(A 2 ) and K(D) are minimal closed curves of A lf A 2 and i) with respect to b lf respectively. It is an immediate consequence of the fact that if
, where R is given by 1 A simple computation shows that the kernel function of Q, (see [9] , [18] ), where $ and £ are the Weierstrass elliptic functions, assumes its*, minimum on Co.
2 Here we choose a and p in such a way that \z -a\ < p contains 61 but no other bicy k = 2, , N, and A2 to be the largest among such domains.
KYONG T. HAHN
, where R is given by (3.4) and E(r) = [πφ (log r; -2 log r, 2ττί) -iζ(πi; -2 log r, 2τα)] 1/2 , 1β ami ζ are ίfee Weierstrass elliptic functions.
The estimation of the bounds for the Bergman lengths of the minimal closed curves in Theorem 3.3 seems to be done only for a special domain. However, every multiply connected domain can always be mapped onto such a domain by a conformal mapping. Therefore, if we know the geometry of a given domain D, combining the various distortion theorems in the theory of conformal mappings and the result in Theorem 3.3, we can obtain various bounds for the Bergman lengths of the minimal curves for quite general domains. 4* The existence of a minimal surface which spans a given closed curve in (D, d) . A surface S in the space C 2 is said to be continuously differentiable if it admits a continuously differentiable representation
A surface S is said to be piecewise continuously differentiable if it admits a piecewise continuously differentiable representation G | Q 09 i.e., there exists a partition
, m. The ordinary B-area element at a point (^, £ 2 ) on a piecewise continuously differentiable surface S is defined by the equation [6, Chap. XI]
The ordinary area element of S is given by the equation C'&(L, N, Γ) . Then 0 S Ύ < °°. Hence, there exists a minimizing sequence {S n }. Let G n \Q 0 be a representation of S n which satisfies conditions (a), (b) and (c). From (a) it follows that for any pair of positive integers p, q,
Proof. Let inf s B D (S) = Ύ, where S runs over all surfaces in
Therefore, {G n (w)} is equi-bounded. The equi-continuity of {G n (w)} follows from the inequality Hence, we can select a subsequence {G m (w)} of {G n (w)} which converges uniformly to a continuous function G°(w) defined in Q Q . Let G° I Qo define a surface S o . Then it is clear that S o spans Γ in such a way that G° is a one-to-one mapping on d (Q 0 . A surface S in ΰ which is homotopic to T ± in JJ(Ί\),
) (see §3 for notation), is a closed surface of the torus type and, hence, admits a doubly periodic representation G I R 2 : z k -G fc K, w a ), fc = 1, 2, (^, u 2 ) e β 2 , R* = (-co <^,% 2 < +co) , of periods 1. For our purposes, therefore, it is enough to consider G on the unit square Q o as a representation of S.
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